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Abstract 

We consider 3-webs, hyper-para-complex structures and integrable Segre structures 
on manifolds of even dimension and generalise the second heavenly Plebahski equation 
in the context of higher-dimensional hyper-para-complex structures. We also charac¬ 
terise the Segre structures admitting a compatible hyper-para-complex structure in 
terms of systems of ordinary differential equations. 


1 Introduction 

Results. A web on a manifold is a family of foliations. In the present paper we con¬ 
sider classical 3-webs on 2m-dimensional manifolds and exploit connections between them, 
hyper-para-complex structures and a-integrable (m, 2)-Segre structures. In dimension 4 
the structures coincide with the hyper-Hermitian metrics of the neutral signature. The 
geometry of webs is an interesting subject on its own (see the survey m)- Webs are also 
immanently connected to integrable systems and naturally appear as underlying structures 
in various problems in differential geometry [inillSlEllEg]. For instance, Veronese webs 
in dimension 3 can be used as an alternative description of the hyper-CR Einstein-Weyl 
structures mm (see also o [mill [29] and [22| for higher-dimensional generalisations), or 
3-webs on a plane give rise to the projective structures with skew-symmetric Ricci tensors 
[2T| (see also [8l|28|). The webs provide a very useful description of the structures. 

Our main aim in the present paper is to generalise the Plebahski equation m to higher 
dimensions in the context of the integrable Segre structures. We use our earlier results on 
webs [20] and prove that any solution 9 = {Oij), 6ij: —>■ M, i,j = 1,... ,m, i < j to 

the overdetermined system 

m 

X (-1)^+'' {idxidxp9pi){d^.d^^9qk) - {dx^dx^9pi){dxidx^9qk)) = 

p,q=l 

— dy^dxjOkl, ^ ^ J) k I, 

give rise to a Ricci-flat hyper-para-complex structure on More detailed formulation 

of the result is contained in Section [3] (Theorem 13.21) and there is one additional term 
that depends on arbitrary functions in the full version of the system. Our main tool is 
the Chern connection of webs [23]. The Chern connection in dimension 4 is a canonical 
Weyl connection uniquely associated to a hyper-Hermitian metric via a fibration of the 
associated twistor space mm- 
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In the second part of the paper we consider systems of second order ordinary differential 
equations (ODEs). However, we do not use point transformations as in [6l|T7] but consider 
more rigid notion of equivalence that essentially goes back to Chern [7j . As a consequence 
we are able to state a correspondence between classes of ODEs and hyper-Hermitian or 
hyper-Kahler structures in dimension 4 fTheorem 14.ip . A characterisation of the hyper- 
Hermitian and the hyper-Kahler structures in terms of the point invariants of ODEs is 
an outstanding open problem. We conclude the paper with a direct construction of bi- 
Hamiltonian structures from a-integrable Segre structures (this is a construction analogous 
to a construction proposed in m in dimension 3). 

The plan of the paper. In the next section we briefly describe all geometric struc¬ 
tures that appear later on. In particular we consider: 3-webs, Segre structures, hyper¬ 
para-complex structures and Kronecker webs. The geometry behind all these structures 
is similar, however there are subtle, important differences. Moreover, there are various 
non-equivalent definitions of the structures in the literature. Therefore, we clarify the ter¬ 
minology adapted in the present paper (which is close to [3] ) and emphasize the differences 
among the structures. 

Section [3] contains our generalisation of the Plebahski equation. In Section 0] we con¬ 
sider systems of ODEs. Finally, Section [5] is an appendix containing useful formulae for 
the torsion and the curvature of the Chern connection in coordinates adapted to webs. 

2 Geometric structures 

3-webs and the Chern connection. A 3-web on a manifold M of di¬ 

mension 2m is a triple of m-dimensional foliations in the general position meaning that 
any two of them intersect transversally at each point of M. One associates the Chern 
connection to a 3-web. It is defined by the following formula (see |24j i 

=nH{j[MX),jMy)] + [7r.(A),7r;,(y)]) 

+ 'n:y{j['K^{X),j-K^{Y)] + [7r/i(X),7r^(y)]) 

where -Kh'.TM TF 2 is the projection to TJ '2 along TJ^i, TT\ is the 

projection to TT\ along TT 2 and y. TM TM is a vector bundle isomorphism defined 
uniquely by 

jTih{X) G TFu jTThiX) - TThiX) G TFs, 
jn^iX) G TF 2 , JMX) - f{X) G TJs 

for any X G TM. One can verify that the Chern connection is the unique affine connection 
on M such that 

(Cl) all leaves of Ju, F 2 and are parallel with respect to V^, 

(C2) torsion r(V^)(A, y) is normalised such that it vanishes for all X tangent to Fi and 
y tangent to 7^2 • 

Note that {.Ti, -^ 3 } reduces the bundle of all frames on M to a GL(m)-bundle (e.g. 

fixing a frame in TFi one uses j to extend it to a frame in TF 2 and gets a frame in TM). 
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(m, 2)-Segre structures. A (m, n)-Segre structure on a manifold M of dimension mn is 
a smooth field of cones S{x) C TxM in the tangent spaces of M, each linearly isomorphic 
to the Segre cone of linear maps —>■ M” of rank one |23] . The structures are sometimes 

called almost-Grassmann structures and we refer to mm for more information on their 
geometry. In the present paper we consider the (m, 2)-Segre structures. Then, any tangent 
space TxM is identified with The decomposition defines a one-parameter family 

of special m-dimensional subspaces of TxM, called a-planes, by the formula R™(2)u, where 
u € R^ \ {0}, at each point x G M (analogously one has (m — l)-parameter family of /3- 
planes w 0 R^, where w € R™ \ {0}). 

An a-submaniofld of M is an m-dimensional submanifold of M such that its all tangent 
spaces are a-planes. A Segre structure is a-integrable if all a-planes are tangent to a- 
submanifolds. 

In the particular case of m = 2 the Segre structures coincide with the conformal metrics 
of neutral signature (2, 2) on 4-dimensional manifolds. The seminal result of Penrose |26] 
states that the a-integrability in this case is equivalent to the fact that a structure is 
anti-self-dual. We refer to m for more information on the anti-self-dual structures in the 
neutral signature. 

Hyper-para-complex structures. A hyper-para-complex structure on a manifold M 
of dimension 2m is a triple of anti-commuting endomorphism I,K,J: TM TM such 
that J is a complex structure, I and K are para-complex structures and 

IK = -KI = J. 

We refer to [3] for more information on the structures. Let us point out, that it follows from 
the dehnition that at each point x G M both I and K have m-dimensional eigen-spaces 
corresponding to 1 and —1, denoted Vf{x), T>^(x) and V~^{x), V~^{x), respectively. All 
distributions T>^ and are integrable. 

Hyper-para-complex Segre structures. Let M be a manifold of dimension 2m. We 
shall say that a hyper-para-complex structure (/, K, J) is compatible with a (m, 2)-Segre 
structure S if all I, J and K preserve the Segre cones S{x), x G M. The key ingredient 
of the following theorem is |24l Theorem 4.14] (see also [T]). 

Theorem 2.1 Let he a 3-web on a manifold M of dimension 2m. Then there 

is a unique (2, m)-Segre structure S on M such that the tangent spaces to all Ti, i = 1,2, 3, 
are a-planes of S. Moreover, if the torsion of the Chern connection vanishes then S is 
a-integrable and admits a compatible hyper-para-complex structure. Conversely, all hyper¬ 
para-complex structures compatible with a Segre structure on M can be locally obtained in 
this way. 

Proof. The existence of S follows from the fact that three points in the Grasmannian 
Gm(R^”^) of m-planes in R^™ determine uniquely a Veronese embedding of the projective 
curve RP^ into Gm(R^™'). The image of the embeding is a Segre cone. If a 3-web is given, 
then the construction can be applied to Gm{TxM) at any point x G M, where one takes 
TxTi, i = 1,2, 3, as the three points in the Grasmannian. The Segre cone S' is a collection 
of all vectors of the form 

sX-tj(X) 

where A G TPi, (s : t) G RP^ is arbitrary and j is an endomorphism defined by ([2]). 
We shall denote V(s:q = spanjsA — tj{X) \ X G TPi} and abbreviate Vt = and 
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Voo = V(o:i). All Vt, t G M, are rank-m distributions on M. Moreover, the tangent planes 
TxVt, X G M, t G M, are exactly the a-planes of S. Note that Vo = TJ^i, Vcxd = TT2 and 
Vi = are integrable by definition. The integrability of Vi, where t G M is arbitrary, is 
equivalent to the vanishing of the torsion of the Chern connection (see |24l Theorem 
4.14]). Therefore if the torsion of vanishes then S admits a {m + l)-parameter family 
of a-submanifolds in M defined by all leaves of all distributions Vt, t G M. It follows that S 
is a-integrable. In particular V_i = spanjsX + tj{X) \ X G Vo} is integrable. Therefore, 
the two decompositions 


TM = Vo © Voo, TM = Vi © V_i 

define two para-complex structures I and K such that Vf = Vo, VJ = Voo and = Vi, 
= V_i. We shall prove that I and K preserve S. Let X G Vq. Then j{X) G Voo- 
Therefore I{X — tj{X)) = X + tj{X). Hence /(Vi) = V-t. Moreover we have X — tj{X) = 
^{X - j{X)) + ^{X+ j{X)), where A - j{X) G Vi and A + j{X) G V_i. Therefore 
K{X — tj{X)) = tX — j{X). Hence A (Vi) = Vi/t- Similarly one proves that the structures 
anti-commute and J = IK is a complex structure complementing I and A to a hyper-para- 
complex structure. Indeed we have /(A) = A, I{j{X)) = —j(A), A(A) = —j(A) and 
A(j(A)) = -A. Thus /A(A) = j{X) = -KI{X) and IK{j{X)) =-X = -KI{j{X)). 
This proves the first part of the theorem. 

In order to prove the converse statement we note that if 5 is a Segre structure and 
(/, J, A) is a compatible hyper-para-complex structure then we can locally define a 3-web 
{Xi,F 2 ,X^} by TFi = Vf, TT 2 = VJ and TT 3 = V^. Note that is defined as the 
span of all /(A) with A G Hence the hyper-para-complex structure is determined 
uniquely by {Ai, A 2 , As }. □ 

The space of all a-submanifolds of an a-integrable Segre structure S is called the 
twistor space of S and will be denoted T{S). It follows from Theorem 12.11 that in the 
presence of a hyper-para-complex structure the twistor space has a natural fibration over 
Mpi given by the projective parameter (s : t) defined by the corresponding 3-web in the 
proof of Theorem 12.II The fibration 

T{S) MA^ 

is such that for any (s : t) € the a-submanifolds in the fibre T(5')(s.t) form a foliation 
of M. Thus, there is a one-parameter family of foliations A = {A(s:t)}(s:t)gRpi • In terms 
of the distributions Vt = span}A — tj{X) \ X G TAij the foliations are given by 


TFt = Vt (3) 

where, as before, we use an affine parameter t = {1 : t), for convenience. It will be useful 
to adapt the following definition later on. 

Definition. An integrable Segre structure S with a fixed fibration 'T{S) MA^ of the 
twistor space as above is called a hyper-para-complex Segre structure. 

It is an easy observation that the Chern connection for a torsion-free 3-web {Ai, A 2 , A 3 } 
does not depend on the ordering of the foliations, because if the torsion vanishes then 
the normalisation condition (C2) is fulfilled with respect to any order of the foliations. 
Moreover, if TiX^) = 0 then the Chern connection of {Ai,A 2 ,A 3 } coincides with the 
Chern connection of a 3-web {Ai,A 2 ,A 3 }, where TAj = Vj- for three distinct points 
ti,t 2 ,t 3 G M. This follows from the fact that all Vt are parallel with respect to V*^, 
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i.e. (Cl) is satisfied independently of the choice of the three points in Hence, the 

Chern connection is canonically assigned to a hyper-para-complex Segre structure via the 
fibration of the corresponding twistor space. If m = 2 we get the following 

Corollary 2.2 Let [ 5 ] be a conformal metric of neutral signature defined by a 3-web on a 
four-dimensional manifold. Then the corresponding Chern connection is a Weyl connec¬ 
tion for [g\. 

Proof. Indeed, the Chern connection preserves the null cone of [ 5 ], i.e. it preserves the 
conformal class itself. □ 

Remark. In the context of hyper-Hermitian structures the Chern connection is usually 
called the Obata connection, see [S]. 


Kronecker webs. A Kronecker web on a manifold M is a 1-parameter family of foli¬ 
ations T = {.P{s:t)}(<j:t)6Rpi of fixed codimension k such that in a neighbourhood of any 
X € M one can find (s : t)-dependent one-forms ■ ■ ■, such that 

TT(s-.t)= n kera*(,,i) 

and all polynomial in (s : t) and point-wise linearly independent for any fixed 

(s : t) € The Kronecker webs were introduced in |251130] and appear as reductions 

of certain bi-Hamiltonian structures. If A: = 1 then the webs are called Veronese webs and 
this particular case was initially studied by Gelfand and Zakharevich m- We refer to 
US [251130] for more information on the webs. 

The family P defined by ([3]) is an example of a Kronecker web. Indeed, in this case 
dimM = 2m, k = m and one sees that the tangent bundles are annihilated by 

one-forms linear in (s : t). The webs of this form are called isotypic Kronecker webs of 
order one in the terminology of [20] . 

Two Kronecker webs {F} and {P/} on M are said to be equivalent in [20] if there 
exists a diffeomorphism y? such that </?(Pt) = P( for any t = (1 : t). This means that the 
affine parameter t as well as the projective one (s : t) are chosen and canonically assigned 
to a web. In particular the two decompositions TPq © TPoo and TPi © TP-i of TM 
are canonically given and define a canonical hyper-para-complex structure assigned to the 
Kronecker web. Conversely, any hyper-para-complex structure defines a family {Pt} as in 
the proof of Theorem 12.11 From this point of view, the isotypic Kronecker webs of order 
one and the hyper-para-complex structures are equivalent objects. One can also say that 
a Kronecker web is a hyper-para-complex Segre structure with a fixed parametrisation of 
MP^ in the fibration P(5') —MP^. The later are also equivalent to the torsion-free 3-webs 
because the choice of three points in MP^ fixes a parametrisation of MP^ as in the proof 
of Theorem 12.11 

Definition. A Kronecker web, or a hyper-para-complex structure is called Ricci-flat if 
the Ricci curvature tensor of the corresponding torsion-free Chern connection vanishes. 

In the next section we shall use the correspondence between the isotypic Kronecker 
webs and hyper-para-complex structures and interpret results of [20] in the context of the 
hyper-para-complex structures. 
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3 Plebanski’s equations 


Normal form of hyper-para-complex structures. We shall show now how one can 
generalise the second heavenly Plebahski eqnation m (see also mm) to higher dimen¬ 
sional structures. The first step is the following reformulation of our result I2Q1 Corollary 
7.5], 

Theorem 3.1 There is a one to one correspondence between germs of hyper-para-complex 
structures on and germs of functions —>■ M given modulo transfor¬ 

mations 

iR\x, y),..., R^ix, y)f ^ G-{R\G-^x, G-^y ),..., R'-^iG-^x, G-^y)Y, x, y G R™, 
where G € GL(m,R) is a constant matrix, and satisfying 

^ (^d,^R^d,,d,.R’^-d,.R^d,,d,^R'^)=dy.d,,R'^-dy^d,^R'^ (4) 

and 

R\0,y) = d^^RH0,y) = d^^d,,^R’^{0,y) = 0 (5) 

for all i,j,k = where {x,y) = (xi,..., Xm, ?/i, • • •, 2/m) are suitable coordinates 

on R^”^. Moreover R^j^ = dxidx^dxiR^ are components of the Riemann curvature tensor 
of the Chern connection and = 0 if and only if ^ijk ~ 0- 

Proof. It is proved in |20l Corollary 7.5] that there is a one to one correspondence between 
germs of the isotypic Kronecker webs and germs of functions R = {R^, ..., 72™) as above. 
In view of the discussion in the previous section this result can be directly reformulated 
in terms of the hyper-par a-comp lex structures. □ 

By Theorem l2.li the hyper-par a-comp lex structures extend to a-integrable Segre struc¬ 
tures. The a-submanifolds are tangent to 

Vt = span < dxi + t^y^ +t ^ dxiR’dx^j \ i = 

where t € R. The vector fields Li{t) = dxi + t^y^ -|- t commute if and 

only if dH) holds. (Li,..., Lm) will be referred to as the Lax tuple of the Segre structure. 

Higher heavenly equations. We shall consider the Ricci-flat structures, i.e. we assume 
that Riciy^) = J2k=i^ijk ~ However, R^j^ = dxidx^dxiR^ and using the boundary 
condition Q we can integrate the equation YlT=i ^ijk ~ ^ 

E dx,R^ = ^, 

2=1,...,m 

which is equivalently written as 

dxP = 0 , 

where 

p = ^ (—l)*72*(7xi A ... A dxi-i A dxj+i A ... A dxm = 0 

2=1,...,m 
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and dx denotes the exterior differential with respect to x-coordinates only. This implies 
that there exist functions 9ij, i < j, such that 


/ 


P = dx 


\ 


^ij f\ 

2<ji 




In particular if one denotes 9ij = —9ji for i > j, then 


«•= E (7) 

Now we rewrite Q in terms of 9ij. Changing the order of differentiations, we get 


where 


and 


dxlfij — dxjdij 


= -dx^R^dx^B^) f\ dxs 


Kk 


s^l,k 


Pij — ^ ^ ^ kl dy^dxjOkl) dXs' 


( 8 ) 

(9) 

( 10 ) 


Kk 


s^l,k 


It follows from the Poincare lemma applied to ([8]) that locally there exist {m — 3)-forms 
fij such that 

lij — l^ij T dxfij' (ff) 

Additionally we can assume 

fij{0,y)=0, ( 12 ) 

which follows from ([5]). We have proved the following 

Theorem 3.2 Let 

/«= E /r A 

p<q<r s=l,...,m 

Sftp,g,r 

be a collection of germs at 0 of {m — 3)-forms on satisfying (|12p . Then, any solution 
9 = {9ij) to IfTTI) give rise to a germ of a Ricci-flat hyper-para-complex structure via ([7]) 
and ([6|). Conversely, any germ of a Ricci-flat hyper-para-complex structure can be obtained 
in this way. 

Equation (fTT]l is a generalisation of the second heavenly Plebahski’s equation [27]. Indeed, 
if m = 2 then there is only one function 9 = 9i2, there are no functions fij and m takes 
the form 

(5xi^)(C^) “ {dx^dx^df = dy^dx^9 - dy^dx,9. 

In the general case, any (m —3)-form flj has (™) components and (m —2)-forms f3ij and 'jij 
have (™) components each. Therefore we have (™) (™) arbitrary functions in the system 
(fTT]l . which consists of (™) (™) equations for (™) functions 9ij. Explicitly 

m 

^ (_l)P+9 {{dxidxp9pi){dxjdx,j9qk) - (dxjdx^9pi)(dxidx,^9gk)) = 

p,q=l 

~ ^Vj^xflkl dyidxj9kl T {dfij)kh 
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where i < j, k < I and {dfij)ki is a coefficient of dfij next to As=i m The 

system is overdetermined for m > 2. In particular, in the case m = 3 we have 9 equations 
(depending on 3 arbitrary functions) for 3 unknown functions. 


4 Systems of ordinary differential equations 


A class of transformations. We shall consider systems of second order ODEs given 
in the form 

x" = F{t,x,x'), (F) 

where x = (xi,..., Xm) € and t € M. The geometry of such systems is related to the 
torsion-free path geometries m- In particular, if m = 2 then the main result of m can be 
rephrased that there is a correspondence between anti-self-dual metrics of split signature 
on and pairs of second order ODEs given up to point transformations for which the 
so-called Wilczynski invariant vanishes (see i)- However, the problem of characterisation 
of the classes of point equivalent ODEs that correspond to hyper-Hermitian or hyper- 
Kahler structures remains open. The similar problem for the hyper-CR Einstein-Weyl 
structures in dimension 3 has been solved in im, but the solution is complicated and 
leads to invariants of very high order. In the present case the problem seems to be even 
more difficult. However, it has a much simpler solution if one uses [20] and considers ODEs 
modulo so-called Veronese transformations. This is a more rigid class of transformations 
in comparison to point transformations. In order to provide the dehnition, we recall that 
a system (F) can be encoded by the total derivative vector field Xp dehned on the space 
of jets. In the present case we consider (M, M™) the space of 1-jets of mappings M 
with natural coordinates (t, xi,..., Xm,yi, ■ ■ ■, Vm), where yi corresponds to Then 

Xp = dt + iVidxi + Fidyi) ■ 


We say that J^(E,M™') —>■ J^(M,M”*) is a Veronese transformation if it is a point 
transformation such that the independent variable is transformed by the formula 


at + b 
ct + d 


(13) 


where a, 6, c, d G M are constant and ad — be ^ 0. 


ODEs and hyper-pseudo-complex structures. There are two basic invariants of 
{F) modulo Veronese transformations. The first one is given by the matrix 


T = I + \xp{a,Pj) - \ 


E 


dyiFkd,„.Fi 






which can be interpret as a vector bundle endomorphism of V = spanjdy^,... ,dy^}. It 
is sometimes called the Jacobi endomorphism. In the context of ODEs it has already 
appeared in the paper of Chern [T] problem (B)], who considered even more rigid trans¬ 
formations, such that t remains constant. However, it is a matter of simple calculations 
that T is preserved also by (fT^ (indeed if t i-^ ip{t) then T is modified by 5(<y9)Id, where 
S{(p) is the Schwartzian derivative of ip). The invariant has been generalised to a class of 
control systems in |18j . where it is called the curvature operator. Moreover, the Wilczynski 
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invariant, which is a point invariant, is the trace-free part of T (see HZIE]). The second 
invariant of [F) is given by 

and can be thought of as a (3, l)-tensor on V (see [THl Definition 4.10]) and is called the 
Berwald curvature in the context of the Finsler geometry. We shall denote 


tr B 



E 




Theorem 4.1 There is a one to one correspondence between systems of m second order 
DDEs given up to Veronese transformations such that T = 0 and hyper-para-complex 
{m,2)-Segre structures on The Ricci-fiat structures correspond to equations with 

ti B = {). 


Proof. The first part is a reformulation of [201 Theorem 5.3] where we have proved a 
correspondence between ODEs and the Kronecker webs of the form F = {Ft}. However, 
in [20] we have considered the transformations preserving the independent variable t as 
in [71 Problem (B)]. Here, the Veronese transformations t i—>■ are needed, because 

we work with the Segre structures instead of the Kronecker webs (c.f. the discussion in 
Section [2D. 

In order to prove the second part we shall show that the condition tr H = 0 is equiva¬ 
lent to the fact that the Chern connection for a Segre structure is Ricci flat. This follows 
from the structure equations for canonical frames associated to canonical connections for 
ODEs [181 Theorem 4.8] and for webs [201 Theorem 7.1]. Indeed, the connection defined 
in [20] coincides with the Chern connection (because it satisfies (Cl) and (C2), i.e. it is 
torsion-free and preserves foliations Ft). On the other hand, it follows from the structure 
equations in [18] that if T = 0 then on each slice {t = const} the connection for system {F) 
can be identified with the Chern connection on J^(S.,W^)/Xp. Under this identification 
tiB equals to Ric{V^) (in particular Cxp{B) = 0 provided that T = 0, where Cxp stands 
for the Lie derivative). □ 


Remark. The condition iiB = 0 is equivalent to the fact that Yl'k=i^yk^^ linear in 
yfs. One can verify that this condition is satisfied for all examples of [6] corresponding to 
the hyper-Kahler metrics. 


Point transformations. There is an outstanding open question how to characterise 
the classes of point-equivalent systems of ODEs with the vanishing Wilczynski invariant 
that correspond to the hyper-Hermitian structures. In view of Theorem 14.11 the question 
reduces to the problem of determining if there is a system with T = 0 in a class of point 
equivalent ODEs. 

Proceeding as in im and computing the transformation rule for T one gets the following 

Proposition 4.2 A system (F) with the vanishing Wilczynski invariant is point equivalent 
to a system with T = 0 if and only if the equation 

ghTT = -gXl{g) + ^XF{g)‘^ (14) 
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has a solution g\ > M 0 / the form g = dti{t,xi,X 2 ) + yidxii{t,xi,X 2 ) + 

y 2 dx 2 i{tiXi-,X 2 ), where i = i{t, xi,X 2 ) is a funetion such that dti 7^ 0. 

Unfortunately we are unable to find integrability conditions for (I14|) . In the hyper-CR case 
m the situation was easier since the equation similar to m was polynomial in a variable 
corresponding to the second derivative of the dependent variable and differentiating the 
equation sufficiently many times with respect to this variable one could get a first order 
PDE which was easy to solve. One does not have a similar phenomenon in the present 
case. 

Bi-Hamiltonian structures. As mentioned earlier the Kronecker webs arise as reduc¬ 
tions of bi-Hamiltonian structures, understood as pairs of compatible Poisson structures. 
We shall present a simple procedure of reconstructing the bi-Hamiltonian structures using 
the Lax tuples. 

Let (Li,...,Lm) be the Lax tuple for a hyper-para-complex (m, 2)-Segre structure 
given by formulae Q . We introduce m new variables pi,,pm and define t-depended 
Poisson structure on M x by the formula 

P{t) = Li A dp^ + Li A dp^ Lm A dp^. 

(Actually, in the language of the Segre structures we have TM = Vm <S> V 2 , where Vm 
and V 2 are vector bundles of rank m and 2, respectively, and then (pi,... ,Pm) are linear 
coordinates on -A M.) It is a matter of calculations to verify that the formula for P{t) 
defines a 1-parameter family of compatible Poisson structures. The structures are degen¬ 
erate and decompose into m Kronecker blocks of dimension 3 each. Any such structure 
can be locally obtained in this way. 


5 Appendix: adapted coordinates 


Torsion and cnrvatnre. We shall present here yet another description of the 3-webs. 
Namely, we shall describe 3-webs and the related objects in a convenient coordinate system. 
We restrict ourselves to the most interesting case of dimension 4, however all formulae can 
be easily generalise to higher dimensions just by extending the range of indices. 

Let {T*!, J- 2 )T 3 } be a 3-web on M of dimension 4. In a neighbourhood of any point in 
M we can find functions Xi, pi and Wi, i = 1, 2, such that the leaves of Pi, P 2 and Pj, are 
locally defined by {xi = const}, {yi = const} and {wi = const}, respectively. 

The transversality condition implies that (xi, X 2 , yi, 2 / 2 ) is a system of local coordinates 
on M and the matrices 


Wx 



*J=1,2 


IK, 


dwi \ 

^Vj ) i,j=l,2 


have rank 2. We recall that dx and dy denote the exterior differential with respect to 
X = {xi,X2) and y = (yi,y 2 ) coordinates, i.e. d = dx + dy. Then, it is easy to verify that 
the mapping 

{s : t) >-A = span{sa;} -|- tuJj \ i = 1, 2}, 


where 


UJ. 


i - dx Wi 


UJi = dyWi, 
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defines the unique Veronese embedding M.P^ Gr 2 {T*M) such that V^"i.o)) 

annihilate TJu, TP 2 and TV's, respectively. Therefore, the 3-web defines the following 

conformal metric 

g = u)\-Ljl-ujl-LJl (15) 

which is necessarily hyper-Hermitian if the torsion of the Chern connection vanishes. By 
Theorem IQ any hyper-Hermitian metric of the neutral signature can be locally written 
in this form. In order to write down the Chern connection and its torsion tensor in 
coordinates we denote 

c = w^w-\ 

Then 




Vj 


s,t=l,2 


E C-^i9y^iCndy„ 

s,t=l,2 


(16) 


~ — 0 , 


C 


'Vi -^1 


and one verihes that 

where 


UJ = 


g = oj ® g 

dx det IT,, di, det ITr 


det IT,, 


+ 


det ITr 


(17) 


This confirms Corollary 12.21 and ([ 5 ], V*^) is a Weyl structure indeed. The following two 
propositions describe the hyper-Hermitian case and are proved by simple calculations. 
Note that equation (fTHIl below is a generalisation of the Hirota equation from [TOl 1^ . 


Proposition 5.1 The torsion ofSI^ vanishes if and only if 


^x\'^i^x2 det ITy dx2^i^x\ det VTy — dy^Widy^ detHV (^^) 

for i = 1 , 2 . 

Proposition 5.2 If the torsion of vanishes then the Ricci tensor of is skew- 
symmetric and has the following form 


Ric{V^) = 


0 {Rij')i,j=l,2 


where 


R,y = Ric(V^)(dx„dy.) = -Ric(V^)(dy.,dxJ = Oy 


dxi (det C) 


(19) 


yyjj— ■ 

Finally, we compute the Lee form A for the hyper-Hermitian structure defined by (Vi, .T's) 

+ ^ ( 20 ) 


dx det ITj; ^ dy det ITr 

— 


det ITy det ITr 


Thus, it coincides with the Weyl form (I17|) . 
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Hyper-Kahler structures. We assume that [g\ is a hyper-Hermitian conformal metric 
of neutral signature on a 4-dimensional manifold. It is well known that the class [s'] 
contains a hyper-Kahler metric if and only if the Lee form of g is closed [Ij. We shall 
prove that this hyper-Kahler condition can be expressed in term of the Chern connection. 
Indeed we have 

Proposition 5.3 dA = 0 if and only if Ric{V^) = 0. 

Proof. It follows from ([20]) that 

j dx del Wy dx det II4 \ 

On the other hand det C = and it follows from (fT^ that Ric{V^) = 0 if and only 

if " 

/ dxj det Wx _ dxj det Wy \ _ 

V det Wx det Wy J ~ ' 

Thus, dA = 0 if and only if RiciV^) = 0 indeed. □ 

As a conclusion we get that in dimension 4 the Plebahski equation derived in Section [3] 
using the Chern connection describes the hyper-Kahler structures exactly as in [27j. The 
Chern connection is the Levi-Civita connection for the hyper-Kahler metric in this case, 
because A = to. 
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